( 104 )

IV. 4 Letter from Mr. Colin Mac Laurin, Profef-
for of Mathematicks at Bdinburgh, and F.R.S.
to Martin Folkes, Efq; V. Pr. RiS. concer-
ning LBquations with impoffible Roots,

S IR,

Wrote to you laft Wiater, that I had thought of a

very eafie and fimple way of demonftrating Sir
Ifaac Newton's Rule, by which it may be often difco-
verd when an Aquation has impoffible Roots. This
Method requiring nothing but the common Algebra,
and being founded on fome obvious Properties of
Quantities demonftrated in the following Lemmata,
without having recourfe to the Confideration of any
Curve whatfoever, which does not feem fo proper a
Method in a Matter purely Algebraical, I hope it will
not be unacceptable.

Lemma 1. The Sum of the Squares of two real
Quantities is always greater than twice their Produc.
Thus a*-+4* is greater than 2 a4 ; becavfe the Excefs

a*+b—2ab is eqaal to 2=, and therefore is Pofitive;
fince the Square of any real Quantity, Negative or Po-
fitive, is always Pofitive.

Lemma 2. The Sum of the Squares of three real
Quantities is always greater than the Sum of the Pro.
dudls,that can be made by multiplying any two of them.
Thus a*4b*4c* is always greater than ab+tactde;
for ’tis plain, that the Excefs a*-+&-4c*—ab—ac—b¢
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—abede T e 4i= that is, half the Sum of the

Squares of the Differences of the Quantities a4, 4,c:
But fince thefe Squares are Pofitive, it follows, that
the Excefs of a*-+4:4c* -above ab+4a c+bc is Pofitive,
and that the Sum of the Squares of three Quantities
muft be greater than the Sum of the Products made
by multiplying any two of them.

Lemma 3. ‘The triple Sum of the Squares of four
Quantities is greater than the double Sum of the Pro-
dus,that can be made by multiplying any two of them ;
for3a43b43c04+3d —2ab—2ac—2ad—2k
—2bd—a2cd=a—2rab+ b ¥a*—2ac+c +a
—2ad+d b —r1bdtd +86 —2 be+4ct+ e
—acddd =iTdVi +ald ¥ +id o
the Sum of the Squares of the Differences of the four
Quantities a4, 4, ¢, /. Therefore 3 a* +3 6 +3c+3d"
is greaterthan 2 a6+ 24ac +2ad + 2bc+ 2564
+ 2 ¢ d, the Excef(s being always Pofitive.

Lemma 4 Let the Number of the Quantities 2 7,
¢, d, e, &c. be m, the Sum of their Squares 4, and the
Sum of the Produ&s made by multiplying any two of
them B. Then fhall »— 1 x 4 be always greater than B.

2
For by adding together the Squares of the Differen-
ces a—b, a—c, a-d, b-¢c, b-d, c—d, &c. you add a* as
often to it felf as there are Quantities more than a;
the fame is true of &, ¢*, 4%, e*, &c. Butthe Rectan-
gles —2 a b, —2 ac, ~2ad, —2 be, —2 bd, &c. arife
but once each. ‘Therefore the Sum of all_the Squares

O, ———

2 — — %,
a—b, a—c»r b—csr b—d ,RC. =m—1X A'J-mmm1xb* - m—1 Xct,

&C.—2 a b—2 a c—2bc,&C. =m—1x4 - 2 B. But 4-'?}"
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da_c 4a-d- &ec is always a Pofitive Quantity ;
therefore m — 1 x4 — = B is Politive, and confcquently

m_1x 4 greager than B.

e

)

Cor. Ttappzars from the Demon(iration that theExe:fs
of w1 x 4 above 2 Bis always equal to the Sum of
the Squares of the Differences ot the Quantittes a.4,¢.d,
&c and that when the Quantities g, 4, ¢ 4 &ec. are all
equal, then m—_1 x 4 — 2 B==0, and with rhis refiriéti-
on the preceding Lemmara muit be underiiood.

It is to be obfcrved, that tho’ we have fuppofed in
thefe Lemmata the Quantities a &, ¢, d, &c. Pofitive,
they are a fortiori true of Negative Quantities, whofe
Squares are the {fame as if they were Pofitive, while
the Sum of their Produ@s is either the fame, or lefs
than it would be, were they all Politive.

PROP 1.

In a Quadratic Aquation that has its Roots real, the
Square of the fecond Term muft be always greater
than the quadruple Product of the third and firft
Terms.

Let the Roots of the Quadratic Aquation be repre-
fented by 44 and 4 &; and if x be the unknown
Quantity, then fhall x’—; x+tab=o

—0 X

Now fince a* 4 & is greater than 24 4,by Lemma 1,
therciore @ 4-4* 42 a b is greater than 44 4; there-
fore z4='x x*, the “quare of the fecond Term, will be
greater than 4 a £xx* the Quadruple Produt of the
firlt ‘and third Terms.

PROP.
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PROP 1L

In any Cubic Zquation, all whofe Roots are real,
the Square of the fecond Term is always greaser than
the triple Produ® of the firft and third.

If the Cubic Aquation has all its Roots real. they
may be reprefented with their Sigas by 4,4, ¢, and the
Aquation will be exprefled thus :

y—ay'4-aby—abc=o
—by'facy
—cyfbecy

But by Lemma 2, a’-Lb4c> is always greater than
abyactdc; and confequently adding 1 abd2ac4-2 4,
to both fides, a’4-5'c'd2 a bt acf2 be = 07")
will be greater than 3 ab4-3 acl-3 &c; and theretore
e xyt mull be greater than 3ab3acd3bcxyh
thatss, the Square ot the fecend Term muit be greater
thaa the triple Product of the firlt and third Terms.

Cor. 1. 1In general, it appears {rom the Demonfira-
tion, that the Square of the Sum of three real Quan-
tities, «-t4-< is always greater than the triple Sum
of all the Praduds, that can be made by multiplying
any two of them into one ansther.

Cor. 2. Itfollows from the Propofition, that when
the Square of the fecond Term is not greater than the
triple Produé of the firlt and third Terms, the Roots
of the Aquation cannot be all real ; bvt two of them
mu(t be impoflible : And this plainly coincides with
one Part of Sir Jfaac Newton's Rule for difcovering
when the Roots of Cubic /Equations are impofiible.

He
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He defires you may write above the middle Terms
of the Aquation the Fractions §, ; as ..

in the Margin ; and placing the Sign 4 7., 0 o

“+ under ;ghe firft and la%t Term, ++_{A —l—’qéx-:{{:r ’
he multiplies the Square of the fe-

cond Term by the Fraion ; that is above it ; and if
the Product is greater than the Product of the adjacent
Terms, he places 4 under the fecond Term ; but if
that Produ@ is lefs, he places — under the fecond
Term, and fays, there are as many impoffible Roots
as ¢hanges in the Signs. Now by this Propofition, if
p* x* is not greater than 3 gx*, or . p* x* greater.than
g x*, the Roots cannot be all real. The fame Suppofi-
tion makes two Changes in the Signs, whatever Sign
you place under the third Term, fince the Signs under
the firt and laft are both 4 ; and therefore this Propo-
fition demonftrates the fir{t Part of Sir faac Newton's
Rule, as far asit relates to Cubic Aquations.

Cor. 3. 1If the fecond Term is wanting in a Cubic
Aquation, and the third is Pofitive, two of the Roots
of the Aquation muft be impoifible : For the Square of
the fecond Term (equal to nothing in this Cafe) will
be lefs than the triple Produét of the adjacent Terms.
But this will better appear from confidering that, when
the fecond Term vanithes in an Aquation, the Pofitive
and Negative Roots are equal,and when added together,
deftroy eachother. Suppofe the Roots to be 4 4 and
— b, —c ; then in this Cafe 4=+ 44-¢, and the Co-
efficient of the third Term will be —ab—ac4 b¢
=—b—2 bo—c*+bc=—"b'—bc— ¢, and con-
fequgntly Negative. Or, if you fuppofe two Roots
Pofitive and one Negative, let them be —a,+5,4-¢,
then the Coeflicient of the third Term will be ftill

—l? — b ¢—¢*. ‘Therefore when the Roots are real,
the
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the Coefficient of the third Term is negative; and if
the Coeflicient of the third Term is noc affe@ed with
a negative Sign, it is a Proof that two of the Roots
are Impoffible.

PROP Ill.

In any Cubic Z£quation, all whofe Roots are real,
the Square of the third Term muft be greater than the
triple Produc of the fecond and fourth Terms.

In the fame Cubic £quation, whofe Roots are 4, 4, ¢,
the Square of the third Termis 27 4c4 ¢, the Pro-
duc of the fecond and fourth Terms is a*bc4-a 4% ¢
4 abc, as is plain from the Infpe&tion of the A&-
quation ; and it is obvious that a*bctad?cdabc
is the Sum of the Produ&ls of any two of the
Terms a b, ac,bc; and therefore by Corol.x Prop.
2. the Square of the Sum of thefe Terms, that is,
st e e muft be greater than 34 bef 3abc 4
3 acth.  Sothat spFurTpe x muft be greater than
sabcdsabc3a0bxy; thatis, the Square of the
third Term muft be greater than the triple Product of
the fecond and fourth Terms.

Cor. 1. It follows from the Demonftration, that
2T acbe is always greater than 34 4¢ x a7 4.

Cor.2. If the Square of the third Term is found
to be lefs than the. triple Product of the fecond and
fourth Terms, then the Roots of the ZAquation cannot
be all real Quantities ; and this concludes with the fe-
cond Part of Sir Ifaac Newton's Rule for finding when
the Roots of a Cubic Aquation are L
impoffible: For this Cafe gives — to xipridgatr=o
be placed under the third Teni)m, and +%¥ — -+

con-
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confequently two Changes of the Signs, whatever Sign
is placed under the fecond Term.

Schol. After the fame manner,it may be demonflrated,
thatin a CubicAquation,whofe Roots are all real, if the
fecond Term is wanting, the Cube of the third Part of
the third Term taken pofitively, is always greater than
the Square of half the laft Term. Suppofe that the
Roots of the Aquation are 4 a,—b,—r¢, or —a,4-5,
+-¢, and that =44, then the fecond Term in the A-
quation will be wanting, and the other Terms will be
exprefled thus :

yrx—b y b xTF¢
—bcy

-.-—-6'2 y

The Square of Z—c is always pofitive, fince & and ¢
are real Quantities. Suppofe it, (wiz. & —2 bc4-¢*)
equal to D, then &4-bcte*=D 4 3 be, and b}
= D44 bc. Therefore FTFT&'TF‘?’_Ds D bey DI

27 27 3
s 3,
b Db ¢* . .
¢z - bi¢s, and b2 sz,__.“:“ =—-—-—-—4 4 b es. Now 'tis obvious
hat 2 Dibe . I Db e
9 — P 3 3
that — +——+ Db ¢ 4 & ¢ is greater than —

4 & ¢, fince D is pofitive, and & ¢ alfo pofitive, Sand
¢ being Roots having the fame Sign.  Thercfore the
Cube of = of the third Term having its Sign changed

(:M) is always greater than the Square of
27 ' .

half the laft Term (=1 e xb_i‘{_). In the Cubic A&-

quation x* ¥ +¢ x+r=o, if ¢ be pofitive, or if it

be
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27

be negative and -, be lels than ; r, it appears that

two Roots of the Aquation muft be impoffible, from
this Corollary, and from Cor. 3. Prop. 2. taken toge-
ther.

PROP 1V

In a Biquadratic Aquation, all whofe Roots are real
Quantities, 5 of the Square of the fecond Term is al-
ways greater than the Produc of the firft and third
Terms ; and ¢ of the Square of the fourth Term is al-
ways greater than the Produét of the third and fifth
Terms.

1. Let the Aquation be x*—p x¢4g x*—r xJ-s2=0 ;
and fince the Roots are fuppofed to be all real, let
them be reprefented by a. &, ¢, 4, then p=a{-b4c.d,
and g=abacfadpbcy-bdicd But it is plain from
Lemma 3, that 3a*+3 & 4-3¢* J- 3 4 is greater than
2abd-2actradtrbct2bd4 2cd;and con-
fequently by adding 642 6ac4- 6 ad4 6 bcy- 654
J4-6¢ d to both, we fhall find that 3 xafo4ct- o
muft be greater than 8424 8ac +-8ad4+845c)-8
b4 8cd; thatis, 3 p*greater than 8 ¢ ; and there-
fore : p* x° greater than g x5

2. Sincer=abctabdiacdibcd and s=
abcd; and fince g sis equal to a*b* cd - a* b d 4
adbct b cady b d acq-c* d a b, which are the
Produ@s can’be made of any two of the Quantities
abc,abd acd bcd, whole Sum is r multiplied by
one another ; it follows, that 3 r* is always greater than
8 7s: Sothat + of either the Square of the fecond
Term, or of the Square of the fourth Term, muft al-

P2 ways
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ways be greater than the Pradué of the Terms adja-
cent to them.

Cor. Multiply either the Square of the fecond Term,or
the Square of the fourth Term of a Biquadratic Aqua-
tion by ¥, and if the Produé does not exceed the Pro-
dué of the adjacent Terms, fome of the Roots of that
Aquation muft be impoffible.

PROP V,

In an Aquation of any Dimenfion expreffed by m,
the Coeflicients of the fecond, third, lafl, laft but one,
and laft but two Terms, being refpetively 4, B, B,
D, C, if the Roots of the AZquation are all real, then
fhall =1 x 4> always be greater than 2 m B, and m—1 x
D* greater than 2m C E.

1. For fuppofing the Roots to be 4, 4, ¢, d, e, &c.
then by Lemma 4, fhall m 1 x ot 4-m—1 x bt +-m—1 xe*
&e. be greater than 24b 4 24c+4 2 ad, &c. and ad-
ding 2m — 2 xab 4 2m—2 xac+ 2 m—2x a4,&¢. to both,
the Sum Fi—1 x s F 2m—2 X ab 4-m—1 xbt 4 &e. (=m—1
x a5 F ¢, &) muft be greater than 2mab 4 2mac
4 v mad, &c. that is, m—1 x4+ muft be greater than
2m B.

2. In general, it follows from this Demonftration,
that the Square of the Sum of any Quaantities whofe
Number is (m) multiplied by m—1,mult be greater than
the Sum of all the Products can be made by multiply-
ing any two of them, multiplied by 2 m. . But it is eafie
to fee from the Genefis of Aquations,that C £ is the Sum
of the Products can be made by multip!ying any two of
the Terms whofe Sumis D: From which it follows,that
m—1 x D> muft bealways greater than 2 mC E.

To be continned. V. 4



